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Nash images of closed balls and applications

Abstract:

By Tarski's theorem the image of a semialgebraic set under a semialgebraic map is a semialgebraic set. We are interested in
what might be called the `inverse problem' to Tarki's result for Nash functions. In particular, we study the Nash images of
closed balls. We show that a d-dimensional semialgebraic set is a Nash image of a closed unit ball of dimension greater than
or equal to d, if and only if the semialgebraic set is compact and connected by analytic paths.

We prove this result using two different types of techniques. The first approach is an ad hoc procedure inspired by some recent
ideas and results developed by J. Fernando and C. Ueno concerning polynomial images of closed balls. Alternatively, we
approach the problem using an improvement of Hironaka's desingularization of algebraic sets for semialgebraic sets
connected by analytic paths and introducing a generalization of the double of a Nash manifold with boundary for Nash
manifolds with corners. As a byproduct of these two constructions we obtain some relevant applications:

• Characterization of all the possible models to represent a given semialgebraic set connected by analytic paths as Nash
image (both in the compact and non-compact case).
• Sufficient conditions to determine when there exists a surjective Nash map between two semialgebraic sets (not necessarily
connected by analytic paths).
• An application to the problem of `elimination of inequalities': A compact semialgebraic set is the projection of an algebraic set
whose connected components are Nash diffeomorphic to spheres (possibly of different dimension).
• Approximation by Nash maps of proper continuous semialgebraic maps whose target space is a Nash manifold with corners.
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